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a b s t r a c t
Reaction–diffusion equations are commonly used in different science and engineering
fields to describe spatial patterns arising from the interaction of chemical or biochemical
reactions and diffusive transport mechanisms. In this work we design, in a systematic way,
non-standard finite-differences (FD) schemes for a class of reaction–diffusion equations of
the form 1xσ
d
dx
(
xσ dudx
) = f (u(x)), x ∈ [0, 1], where σ is the shape power that accounts
for the complexity of the domain geometry. The proposed FD scheme, that is derived
from a Green’s function formulation, replicates the underlying geometry and reduces to
traditional FD schemes for sufficiently small values of the grid spacing. Numerical results
show that the non-standard FD scheme offers smaller approximation errors with respect
to traditional schemes, specially for coarse grids.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
This paper is concerned with the nonlinear reaction–diffusion equation in generalized coordinates:
1
xσ
d
dx
(
xσ
du
dx
)
= f (u(x)), x ∈ [0, 1] . (1)
The parameter σ ≥ 0 is called the shape power and according to its value the model reduces to a slab (σ = 0), an infinitely
long circular cylinder (σ = 1) or a sphere (σ = 2). The diffusional operator 1xσ ddx
(
xσ dudx
)
has been used in different fields. For
instance, under the assumption that the cross-sectional area of flow is givenbyA(r) = brσ−1, Barker [7] used the operator∇2σ
tomodel the radial flow approach to address hydraulic tests in fractured rocks, where flowdoes not necessarily fill the tested
domain. Burghardt and Kubaczka [8] proposed the 1Dmodel Eq. (1) as a generalized transport equation to approximate the
behavior of 3D catalytic pellets for any shape of a catalyst pellet. To approximate the behavior of a generic 3D pellet shape,
the external surface area and volume of the model body are assumed to equal those of the actual pellet, Sp and Vp, and
according to Mariani et al. [12], σ is evaluated by matching the behavior of the actual pellet at low reaction rates. Some
simple particle shapes can lead to high values of σ , as a circular cylinder with a height to diameter ratio 0.85 (σ = 3.25) or
a cube (σ = 4.3). Values σ < 0 are not likely for catalytic pellets, but the important case of monolith reactors with catalytic
washcoat on channels shows this feature [18]. The range of interest can be set as −1/5 < σ < 5. In this range, Mariani
et al. [12] found that the model is precise up to 0.7% for linear kinetics and they estimated that the deviations will not rise
above 2% for nonlinear kinetics outside the range of steady state multiplicity. Therefore, the generalized model seems to be
an accurate mean to avoid 3D evaluations for effective reaction-transport mechanisms.
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Repetitive numerical solution of models like Eq. (1) can be needed in different situations, such as in the iterative design,
optimization and simulation of, e.g., packed bed reactors [6] and reservoirs [10] where the usage of efficient numerical
strategies for accurate solutions and reduced computational burden is a common requirement. Finite-difference (FD)
schemes are the most popular strategies used to obtain numerical solutions for reaction–diffusion equations. For integer
σ , FD schemes and their accuracy and stability properties are well described in textbooks. For instance, for an equispaced
grid XN = (x0, x1, . . . , xN+1), xi − xi−1 = h, and the boundary conditions
du(0)
dx
= 0 and u(1) = ubulk (2)
the traditional FD scheme is expressed as
xσi+1/2
[
ui+1 − ui
h2
]
− xσi−1/2
[
ui − ui−1
h2
]
= xσi f (ui)˙, i = 2, . . . ,N − 1. (3)
Notice that this equation holds only for i = 2, . . . ,N − 1. The corresponding equations for the nodes contiguous to the
boundaries are obtained from theboundary conditions to give the approximationsu1−u0 = 0 for du(0)dx = 0 anduN+1 = ubulk.
These relationships can be used into the FD scheme to obtain
xσ3/2
[
u2 − u1
h2
]
= xσ1 f (u1)˙ (4)
xσN+1/2
[
ubulk − uN
h2
]
− xσN−1/2
[
uN − uN−1
h2
]
= xσN f (uN).
One has that xσi+1/2 ≈ xσi−1/2 ≈ xσi as h→ 0 and Eq. (3) is approximated as
ui+1 − 2ui + ui−1
h2
= f (ui)˙, i = 2, . . . ,N − 1
which corresponds to a FD scheme for Cartesian coordinates (i.e., σ = 0). It is noted that the traditional FD scheme is ob-
tained from an application of differentiation formulas for Cartesian coordinates. In this way, it is apparent that the curvature
effects, represented by the term xσ , are not accounted for in the derivation of the FD scheme (3) and (4). Non-standard
FD schemes have been proposed to incorporate local and non-local information on the domain geometry [3–5,12–14].
Intuitively speaking, this can be done by observing that
xσ
du
dx
= (1− σ) du
dx1−σ
≈ (1− σ) uj − uj−1
x1−σj−1 − x1−σj
implying that the grid distance is measured in terms of themetric x1−σj−1 −x1−σj . In principle, the incorporation of information
on the curvature domain should lead to improved FD schemes and, consequently, to reduced approximation error for
moderate-size grids. Although some contributions to the general mathematics of non-standard FD methods have been
given [3], the derivation of schemes for specific equations commonly relies on heuristic rules. Thus, the derivation of
systematic procedures for non-standard FD schemes is still an unresolved matter of research. On the other hand, it seems
that non-standard schemes should be derived for every class of equations where specific properties can be exploited. These
considerations in the light of the previously discussed issues motivate the present study on discretization schemes for a
class of reaction–diffusion equations.
In this paper, we are interested in non–standard FD schemes that recast the structure of the operator∇2σ = 1xσ ddx
(
xσ dudx
)
.
Themain task is to show that a Green’s function formulation offers a natural framework to derive non-standard FD schemes
without resorting into heuristic rules. The approach followed is a generalization of the methodology used for Cartesian
coordinates in [1]. In that work, we showed that traditional FD schemes for Cartesian coordinates can be derived from a
Green’s function formulation of the reaction–diffusion equation. By doing so, we depart from a Green’s function formulation
of the boundary-value problem (1) to pose an approximation problem based on a domain decomposition. Within each
subdomain, the corresponding integral equation is forced to have zero residual at given grid points. Important differences
are found for the non-Cartesian case σ 6= 0. For instance, for cylindrical coordinates it is found that grid distances must
be logarithmic which, in some sense, recast the curvature effects of the coordinate framework. In fact, such information is
introduced into the FD scheme by the corresponding Green’s function, which accounts for the way boundary disturbances
are propagated over the system domain. Numerical experiments show that the non-standard FD scheme yields reduced
approximation errors with respect to traditional FD schemes over an important range of grid sizes and Thiele modulus
values.
2. Green’s function formulation
The usage of Green’s functions for solving reaction–diffusion problems has an important tradition in the different
engineering fields. Briefly, Amundson and Schilson [2] obtained the Green’s function for isothermal linear reaction in
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a sphere, and solved the resulting linear Fredholm integral equation formulation (IEF) via a successive approximation
technique. Later on, Kesten [11] applied the IEF to obtain concentration profiles for ammonia decomposition in a spherical
catalytic pellet. Mukkavilli et al. [15,16] presented and solved numerically an integral equation for nonisothermal reaction in
a finite cylinder with and without taking into account external mass and energy transport resistances. Recently, Onyejekwe
[17] explored the advantages of Green’s function solution for nonlinear reaction–diffusion equations. Extensive numerical
simulations have showed the stability and accuracy of the proposed method compared to standard finite-difference
schemes, as shown in [19].
Consider the differential equation (1) in any domain x ∈ [xa, xb]. Let ∇2σ = 1xσ ddx
(
xσ ddx
)
, so that
∇2σu = f (u). (5)
The second-order operator ∇2σ is not self-adjoint for σ 6= 0. The following result from Greenberg [9] shows how to modify
∇2σ in order to obtain self-adjointnes property: Consider the second-order operator L = α(x)(d2/dx2)+ β(x)(d/dx)+ γ (x).
Then, the modified operator λL will be self-adjoint if one chooses the ‘‘integration factor’’ λ = exp
{∫
β(x)−α′(x)
α(x) dx
}
. Since
∇2σ = 1xσ ddx
(
xσ ddx
) = d2
dx2
+ σx ddx , one has that α(x) = 1, β(x) = σ/x and γ (x) = 0. Therefore, the integration factor is
λ = xσ . In this form, the departing equation for the computation of the Green’s function is
d
dx
(
xσ
du
dx
)
= xσ f (u). (6)
For this equation, one has that
u(x) = −zσ [G(z, x) (du(z)/dz)− (dG(z, x)/dz) u(z)] |xbxa +
∫ xb
xa
G(z, x)zσ f (u(z))dz (7)
where the kernel G(z, x) is the Green’s function equation and is given by [9]
d
dz
(
zσ
dG(z, x)
dz
)
= δ (z − x) . (8)
The term −zσ [G(z, x) (du(z)/dz)− (dG(z, x)/dz) u(z)] |xbxa and the Green’s function boundary conditions depend on the
boundary conditions of the problem (5). For convenience, the following boundary conditions cases will be considered.
• Dirichlet Boundary Conditions. The boundary conditions are u(xa) = ua and u(xb) = ub. Notice that the boundary values
du(xa)/dx anddu(xb)/dx are not available. In thisway, the unwelcome terms [G(z, x) (du(z)/dz)] |xbxa can be removed from
Eq. (7) by requiring the Green’s function G(z, x) to meet the boundary conditions G(xa, x) = 0 and G(xb, x) = 0. In this
case, the Green’s function solutions is
G (z, x) = 1
(1− σ) (x1−σb − x1−σa )
{(
x1−σ − x1−σa
) (
z1−σ − x1−σb
)
, x < z(
z1−σ − x1−σa
) (
x1−σ − x1−σb
)
, x > z.
(9)
From the derivative of the above expression, one obtains that
zσ
dG(z, x)
dz
= 1(
x1−σb − x1−σa
) {(x1−σ − x1−σa ) , x < z(
x1−σ − x1−σb
)
, x > z.
This expression can be evaluated at the boundary points xa and xb to reduce Eq. (7) into the following expression:
u(x) = C(x)ub + [1− C(x)] ua +
∫ xb
xa
G(z, x)zσ f (u(z))dz (10)
where
C(x) = x
1−σ − x1−σa
x1−σb − x1−σa
. (11)
• Mixed (Dirichlet and Neumann) Boundary Conditions. The boundary conditions are du(xa)/dx = 0 and u(xb) = ub.
Here, the data u(xa) and du(xb)/dx are unknown, so that the conditions dG(xa, x)/dz = 0 and G(xb, x) = 0 are imposed.
Then, the Green’s function solution takes the form
G (z, x) = 1
1− σ
{(
z1−σ − x1−σb
)
, x < z(
x1−σ − x1−σb
)
, x > z.
Since (zσdGz(z, x)/dz) |xb = 1, Eq. (7) becomes
u(x) = ub +
∫ xb
xa
G(z, x)zσ f (u(z))dz.
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Remark 1. Notice that σ = 1 corresponds to a singularity of the Green’s function. By using the L’Hopital Rule, it can be
shown that the Green’s function for σ = 1 reduces to
G (z, x) = 1
ln (xb/xa)
{
ln (z/xa) ln (x/xb) , z < x
ln (z/xb) ln (x/xa) , z > x
(12)
for Dirichlet boundary conditions. In this case, one obtains the IEF
u(x) = C(x)ub + [1− C(x)] ua +
∫ xb
xa
G(z, x)zf (u(z))dz (13)
where
C(x) = − ln (x/xb) / ln (xb/xa) . (14)
On the other hand, the Green’s function is
G (z, x) =
{
ln (x/xb) , z < x
ln (z/xb) , z > x
(15)
for mixed (Dirichlet and Neumann) boundary conditions.
3. Non-standard FD schemes
For the domain D = [0, 1], consider the equispaced grid XN+1 = {x0, x1, . . . , xN , xN+1} with x0 = 0 and xN+1 = 1.
Consider the overlapping subdomain partitionDi = [xi−1, xi+1], i = 1, . . . ,N . Notice that (i)Di is centered at xi, (ii)∪Di = D,
and (iii)Di∩Di+1 = [xi, xi+1]. The right and the left boundaries ofDi are xi+1 and xi−1, respectively. By doing so, the boundary
condition du(0)/dx = 0 is inherited by the associated integral formulation in D1, and the boundary condition u(1) = ubulk
is incorporated into the corresponding integral formulation in DN . These observations lead to the following set of boundary-
value problems for each subdomain Di:
1
xσ
d
dx
(
xσ
du
dx
)
= f (u(x)), x ∈ D1, du(0)/dx = 0 and u(x2) = u2 (16)
1
xσ
d
dx
(
xσ
du
dx
)
= f (u(x)), x ∈ Di, i = 2, . . . ,N − 1, u(xi−1) = ui−1 and u(xi+1) = ui+1
1
xσ
d
dx
(
xσ
du
dx
)
= f (u(x)), x ∈ DN , u(xN−1) = uN−1 and u(xN+1) = ubulk.
According to the results in Section 2, the integral equation formulations for these problems can be written as
u(x) = u2 +
∫ x2
x0=0
G1(z, x)zσ f (u(z))dz, for x ∈ D1 (17)
u(x) = C(x)ui+1 + [1− C(x)] ui−1 +
∫ xi+1
xi−1
Gi(z, x)zσ f (u(z))dz, for x ∈ Di and i = 2, . . . ,N − 1
u(x) = C(x)ubulk + [1− C(x)] uN−1 +
∫ xN+1=1
xN−1
GN(z, x)zσ f (u(z))dz, for x ∈ DN
where, according to the Green’s function expressions in Section 2,
G1 (z, x) = 11− σ
{(
z1−σ − x1−σ2
)
, x < z(
x1−σ − x1−σ2
)
, x > z,
for x, z ∈ [0, x2]
Gi (z, x) = 1
(1− σ) (x1−σi+1 − x1−σi−1 )
×
{(
x1−σ − x1−σi−1
) (
z1−σ − x1−σi+1
)
, x < z(
z1−σ − x1−σi−1
) (
x1−σ − x1−σi+1
)
, x > z,
for i = 2, . . . ,N and x ∈ [xi−1, xi+1].
The equalities in Eq. (17) can be evaluated at the interior point of each subdomain to obtain
u2 − u1 = −
∫ x2
x0=0
G1(z, x1)zσ f (u(z))dz (18)
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C(xj)uj+1 − uj +
[
1− C(xj)
]
uj−1 = −
∫ xj+1
xj−1
Gj(z, xj)zσ f (u(z))dz, for j = 2, . . . ,N − 1
C(xN)ubulk − uN + [1− C(xN)] uN−1 = −
∫ xN+1=1
xN−1
GN(z, xN)zσ f (u(z))dz
where
C(xj) =
x1−σj − x1−σj−1
x1−σj+1 − x1−σj−1
. (19)
The equalities in Eq. (18) are exact, since no approximations have been introduced yet. In order to obtain a FD-like expression
from Eq. (18), the integrals will be approximated by means of the trapezoidal rule. By observing that Gj(xj−1, xj) =
G(xj+1, xj) = 0 for all j = 2, . . . ,N , it is convenient to decompose the integrals in Eq. (18) as
∫ xj+1
xj−1 Gj(z, xj)z
σ f (u(z))dz =∫ xj
xj−1 Gj(z, xj)z
σ f (u(z))dz + ∫ xj+1xj Gj(z, xj)zσ f (u(z))dz and subsequently use a quadrature rule to approximate each of the
individual integrals. Notice that G1 (0, x1) = G1 (x1, x1) =
(
x1−σ1 − x1−σ2
)
/(1−σ). It can be shown that the trapezoidal rule
gives the approximations
−
∫ x2
0
G1(z, x1)zσ f (u(z))dz ≈ −32hG1(x1, x1)x
σ
1 f (u1)
−
∫ xj+1
xj−1
Gj(z, xj)zσ f (u(z))dz ≈ −hGj(xj, xj)xσj f (uj), j = 2, . . . ,N.
When these approximations are used in Eq. (18), one obtains the following expressions:
u2 − u1
hG1(x1, x1)
= −3
2
xσ1 f (u1) (20)
C(xj)uj+1 − uj +
[
1− C(xj)
]
uj−1
hGj(xj, xj)
= −xσj f (uj), for j = 2, . . . ,N − 1
C(xN)ubulk − uN + [1− C(xN)] uN−1
hGN(xN , xN)
= −xσN f (uN).
From the expressions for C(xj) and Gj(xj, xj), the above equations can be written as follows:
1
h
ρ0 (u2 − u1) = 32x
σ
1 f (u1) (21)
1
h
(
ρ1,juj+1 − 2ρ2,juj + ρ3,juj−1
) = xσj f (uj), for j = 2, . . . ,N − 1
1
h
(
ρ1,Nubulk − 2ρ2,NuN + ρ3,NuN−1
) = xσN f (uN)
where
ρ0 = − 1− σ
x1−σ1 − x1−σ2
(22)
ρ1,j = − 1− σ
x1−σj−1 − x1−σj
ρ2,j = −
(1− σ) (x1−σj−1 − x1−σj+1 )
2
[
x1−σj−1 − x1−σj
] [
x1−σj − x1−σj+1
]
ρ3,j = − 1− σ
x1−σj − x1−σj+1
for j = 2, . . . ,N . The system (21) can be seen as a non-standard FD scheme with weights ρi,j’s given by Eq. (22). For integer
geometries, the above expression reduces to the following ones. For Cartesian geometry (σ = 0), ρi,j = h−1 and the scheme
(21) becomes
u1 − u2
h2
= 3
2
f (u1) (23)
1
h2
(
uj+1 − 2uj + uj−1
) = f (uj), for j = 2, . . . ,N − 1
1
h2
(ubulk − 2uN + uN−1) = f (uN)
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which is a traditional FD scheme except for the factor 3/2 in the node contiguous to the Neumann boundary condition. This
factor appears because the Green’s function does not vanish at the boundary node. For cylindrical geometry (σ = 1), one
should consider the singularity of the ρi,j’s to use the L’Hopital Rule and obtain
u1 − u2
h (ln(x2)− ln(x1)) =
3
2
x1f (u1) (24)
1
h
(
ρ1,juj+1 − 2ρ2,juj + ρ3,juj−1
) = xjf (uj), for j = 2, . . . ,N − 1
1
h
(
ρ1,Nubulk − 2ρ2,NuN + ρ3,NuN−1
) = xN f (uN)
where the weights β ’s are given as
ρ0 = 1ln(x1)− ln(x0)
ρ1,j = 1ln(xj+1)− ln(xj)
ρ2,j =
[
ln(xj+1)− ln(xj−1)
]
2
[
ln(xj)− ln(xj−1)
] [
ln(xj+1)− ln(xj)
]
ρ3,j = 1ln(xj)− ln(xj−1) .
For spherical geometry (σ = 2), the system (21) reduces to
u1 − u2
h
(
x−11 − x−12
) = 3
2
x21f (u1)
1
h
(
ρ1,juj+1 − 2ρ2,juj + ρ3,juj−1
) = x2j f (uj), for j = 2, . . . ,N − 1
1
h
(
ρ1,Nubulk − 2ρ2,NuN + ρ3,NuN−1
) = x2N f (uN)
where the weights ρ’s are given as
ρ0 = 1
x−11 − x−12
ρ1,j = 1
x−1j−1 − x−1j
ρ2,j =
x−1j−1 − x−1j+1
2
[
x−1j−1 − x−1j
] [
x−1j − x−1j+1
]
ρ3,j = 1
x−1j − x−1j+1
.
3.1. Discussion
Some comments regarding the structure of the non-standard FD scheme derived above and its relation to previous work
are made in the following.
(a) The FD scheme (21) and (22) is non-standard according to the definition in [5]. In fact, the classical denominator h2
for the discretization of the operator ∇2σ is replaced by a function ϕ(h) = O(h2) with ϕ(h) → 0 as h → 0. Contrary
to previous work on non-standard FD schemes for reaction–diffusion equations [5], this work provides an explicit and
rigorous derivation of ϕ(h) from a Green’s function formulation of the physical problem.
(b) With respect to traditional FD schemes, the non-standard FD scheme (21) and (22) introduces two modifications:
(i) the weights ρ1,j that account for the domain geometry in terms of non-Cartesian metrics, and (ii) the factor 3/2,
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resulting from a non-vanishing Green’s function, in the node contiguous to Neumann boundary conditions. While the
first modification has been discussed, from heuristic grounds, in previous works [5,13], the second one has not been
reported yet in terms of non-standard FD schemes.
(c) Anguelov et al. [5] proposed general non-standard FD schemeswhere the nonlinear reaction rate f (u(x)) is approximated
by a non-local function involving the values at the nodes xi−1, xi and xi+1 (i.e., f (u(x)) ≈ γ (xi−1, xi, xi+1). Our results
have shown that such type of non-local approximation are not necessary since the Green’s function at the nodes xi−1
and xi+1 is equal to zero, so that they have zero contribution for the integrals in Eq. (18).
(d) The FD scheme derived fromGreen’s function is a generalized scheme since it reduces to the traditional scheme for small
grid spacing h. An expansion of x1−σj−1 − x1−σj about xj−1/2 gives − (1− σ) hx−σj−1/2, so that ρ1,j = − 1−σx1−σj−1 −x1−σj ≈
xσj−1/2
h .
Similarly, ρ3,j = − 1−σx1−σj −x1−σj+1 ≈
xσj−1/2
h . In the same form, ρ2,j = −
(1−σ)
(
x1−σj−1 −x1−σj+1
)
2
[
x1−σj−1 −x1−σj
][
x1−σj −x1−σj+1
] can be expanded around
xj to obtain ρ2,j ≈ xj/h. Since xj =
(
xj+1/2 + xj−1/2
)
/2, one obtains the traditional FD scheme xσi+1/2
[
ui+1−ui
h2
]
−
xσi−1/2
[
ui−ui−1
h2
]
= xσi f (ui)˙, i = 2, . . . ,N − 1 (see Eq. (4)). This leads us to conclude that the classical FD scheme is
a good approximation for the boundary-value problem for sufficiently small h. However, for coarse grids where h is
not necessarily sufficiently small with respect to the domain geometry (e.g., the radius of a sphere), the approximated
solution obtained from classical FD schemes can be poor due to a lack of curvature effects incorporated by the Green’s
function.
4. Numerical examples
Consider Eq. (1) with σ = 1 and a linear function f (u(x)) = −φ2u, which can be related to a first-order reaction taking
place in a cylindrical catalytic pellet. The variable u and the parameter φ correspond to the concentration and the Thiele
modulus, respectively. As a single index for measuring approximation errors, we have considered the effectiveness factor
η = 2 ∫ 10 u(w)wdw. For ubulk = 1, the analytical expression for the effectiveness factor is η = 2I1(φ)φI0(φ) , where I0(φ) and I1(φ)
are the zeroth and first-order modified Bessel functions of the first kind, respectively. If ηap is an approximation, the relative
error is measured as Eη =
∣∣η − ηap∣∣ /η. The results in the above section showed that the non-standard FD scheme from a
Green’s function approach contains two modifications with respect to traditional FD schemes: i) the weighting factor 3/2
to account for the effects of Neumann boundary conditions, and (ii) weights in the discretization procedure to account for
domain curvature. In the following, only cylindrical coordinates are used for illustration purposes, however, similar results
are obtained for spherical coordinates. To evaluate the effects of the boundary du(0)dx = 0 on the performance of the numerical
discretization, Fig. 1 compares the approximation for the traditional FD scheme with and without the weighting factor 3/2.
The beneficial effects of the weighting factor 3/2 is appreciated for relatively small Thiele modulus values, but not for large
values. In fact, the improvement for large Thiele modulus values is marginal, reflecting the fact that the boundary effects
are weaker for stronger reaction rates compared with the diffusional effects. Fig. 2 compares the approximation errors
obtained with the traditional and the Green’s function FD schemes. As in the previous case, significant approximation error
improvement is obtained only for relatively small values of the Thiele modulus where the transport effects, associated to
the spatial discretization, are weaker than the local reaction effects. It is also observed that the addition of the curvature
domain effects improves the FD scheme, and this improvement is better appreciated for small-size grids (i.e., small N). For
instance, while the traditional FD scheme requires about 30 nodes to obtain 1% approximation error for φ = 1, the Green’s
function scheme requires about 15 nodes for the same error.
For non-integer values of σ , an analytical solution for the differential equation is not easy to find. To evaluate the
effects of the parameter σ in the approximation error, the numerical solution for N = 2500 nodes obtained with the
package COMSOL r© will be considered as the solution to compare our results. Fig. 3 shows the approximation error for
the combinations resulting from N = 10 and N = 100 nodes and Thiele modulus φ = 1 and φ = 4. A minimum in the
approximation error is located for σ = 0, corresponding to Cartesian coordinates. As the parameter σ departs from zero,
the error increases, reflecting the fact that larger curvature effects are recasted for larger values of |σ |. It also observed that
Green’s function FD scheme is more stable than the traditional FD scheme with respect to the parameter σ . Indeed, for
small grid sizes the approximation error as a function of σ is less pronounced for the Green’s function FD scheme, which
is produced by the incorporation of the curvature effects into the discretization scheme. On the other hand, the results in
Fig. 3 also show that the approximation advantages of the Green’s function FD scheme are found for small Thiele modulus
values where the diffusion mechanism dominates over the reaction one, and for coarse grids. In fact, for large values of the
Thiele modulus and fine grids the differences are very small.
Summing up, the numerical simulations showed that, although the approximation improvement is not significative for
large values of the Thiele modulus, Green’s function discretization scheme yields approximation errors non-larger than the
errors with traditional FD schemes over the whole range of Thiele modulus and grid sizes. In this form, the usage of integral
equation formulations to derive discretization schemes for reaction-transport equations leads to robust numerical schemes
that incorporate the main curvature domain and boundary transport effects.
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Fig. 1. Performance of the traditional FD scheme with and without the weighting factor 3/2 induced by the boundary condition du(0)/dx = 0. Notice
that the improvement effects of such modification are better appreciated for relatively small values of the Thiele modulus where the distributed transport
effects dominates over the local reaction mechanisms.
Fig. 2. Performance of the traditional and theGreen’s function FD schemes for twodifferent values of the Thielemodulus. Themore significant performance
improvements are observed for small grid sizes and small Thiele modulus values.
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Fig. 3. Performance of the traditional and the Green’s function FD schemes for the combinations resulting from N = 10 and N = 100 with φ = 1 and
φ = 4, for several values of the geometric factor σ .
5. Conclusions
This paper provided a formal Green’s function framework to derive FD schemes for reaction–diffusion equations in
generalized 1D geometries. The approach resulted in non-standard FD schemes in the sense introduced in [5] with two
main modifications with respect to traditional schemes, namely, non-Cartesian metrics for measuring the grid distance and
a weighting factor to account for Neumann boundary conditions. The resulting FD scheme can be seen as a generalized
discretization since it reduces to the traditional FD schemes as the spacing h goes to zero. Numerical experiments showed
the approximation advantages of the FD scheme obtained, specially for coarse grids and relatively small values of the Thiele
modulus where the transport mechanism dominates over the reaction effects. Further work is required to extend the results
for dynamical reaction–diffusion and for reaction–advection [3] equations.
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